
9XR a2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@jX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 b2ib UBM i?2 +QMi2ti Q7 b2ib Q7 MmK#2`b- b2ib Q7 K�i`B+2b- �M/ b2ib Q7 +QHmKMf`Qr p2+iQ`bV-
Ç i?2 K2i?Q/ Q7 bT2+B}+�iBQM 7Q` i?2 +QMbi`m+iBQM Q7 b2ib-
Ç i?2 MQiBQMb Q7 bQHmiBQM b2i Q7 bvbi2K Q7 HBM2�` 2[m�iBQMb- MmHH bT�+2 Q7 � K�i`Bt- �M/ bT�M Q7 � +QHH2+iBQM Q7

p2+iQ`bX
RX JQiBp�iBQM 7Q` i?2 mb2 Q7 MQiBQM Q7 b2ib BM HBM2�` �H;2#`�X

AM HBM2�` �H;2#`�- r2 p2`v Q7i2M 2M+QmMi2` MQi BM/BpB/m�H Q#D2+ib- #mi +QHH2+iBQMb Q7 K�Mv Q#D2+ib r?B+? �b BM/BpB/m�Hb
�`2 QM 2[m�H 7QQiBM;X �M/ i?2M r2 7m`i?2` r�Mi iQ +QKT�`2 bm+? +QHH2+iBQMbX AM 7�+i r2 ?�p2 �H`2�/v +QK2 �+`Qbb
rBi? bm+? T?2MQK2M�X
AHHmbi`�iBQMX

G2i A =
[
1 0 −1
0 1 −1

]
- B =

[
2 3 −5
−3 2 1

]
- C = [ 4 −3 −1 ]X

U�V �i }`bi bB;?i �b A,B,C �`2 /BbiBM+i �b BM/BpB/m�H K�i`B+2b- r2 b?QmH/ 2tT2+i MQi?BM; +�M #2 b�B/ Q7 i?2KX
U#V AM 7�+i- A Bb `Qr@2[mBp�H2Mi iQ B U�M/ bQ Bb [ A 02 ] Bb `Qr@2[mBp�H2Mi iQ [ B 02 ]VX 6Q` i?Bb `2�bQM- i?2

bQHmiBQMb Q7 LS(A, 02) �`2 i?2 ǵb�K2Ƕ �b i?Qb2 Q7 LS(B, 02) BM i?2 b2Mb2 i?�i,ě
Ç 6Q` �Mv +QHmKM p2+iQ` t rBi? 3 2Mi`B2b- t Bb � bQHmiBQM Q7 LS(A, 02) B7 �M/ QMHv B7 t Bb � bQHmiBQM Q7

LS(B, 02)X
LQi2 i?�i i?Bb ǵb�K2@M2bbǶ Bb MQi �#Qmi BM/BpB/m�H +QHmKM p2+iQ`bX �KQM;bi i?2 bQHmiBQMb Q7 2Bi?2` bvbi2Kb-
i?2`2 �`2 K�Mv /BbiBM+i bQHmiBQMbc #mi ǵ�b � r?QH2Ƕ i?2 +QHH2+iBQMb Q7 bQHmiBQMb Q7 i?2 `2bT2+iBp2 bvbi2Kb �`2 i?2
ǵb�K2ǶX

U+V .2MQi2 i?2 }`bi �M/ b2+QM/ `Qrb Q7 A #v a1,a2X
Ai ?�TT2Mb i?�i C Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 A,

C = [ 4 −3 −1 ] = 4 [ 1 0 −1 ]− 3 [ 1 0 −1 ] = 4a1 − 3a2

Ai 7QHHQrb i?�i 2p2`v bQHmiBQM Q7 LS(A, 02) Bb �miQK�iB+�HHv � bQHmiBQM Q7 LS(C, 01) �b r2HHX P` KQ`2 7Q`K�HHv,ě
Ç 6Q` �Mv +QHmKM p2+iQ` t rBi? 3 2Mi`B2b- B7 t Bb � bQHmiBQM Q7 LS(A, 02) i?2M t Bb � bQHmiBQM Q7 LS(C, 01)X

6Q` i?Bb `2�bQM- r2 rBHH r�Mi iQ b�v i?�i i?2 bQHmiBQMb Q7 LS(A, 03) �`2 ǵT�`i Q7Ƕ i?2 bQHmiBQMb Q7 LS(C, 01)X
h?Bb `2H�iBQM Q7 ǵbQK2i?BM; #2BM; T�`i Q7 bQK2i?BM; 2Hb2Ƕ Bb MQi �#Qmi BM/BpB/m�H +QHmKM p2+iQ`b- #mi +QHH2+iBQMb
Q7 +QHmKM p2+iQ`bX

kX Sm`TQb2 Q7 b2i H�M;m�;2 BM HBM2�` �H;2#`�X
hQ K�F2 /2b+`BTiBQM Q7 �M/ +QKT�`BbQM �KQM;bi +QHH2+iBQMb Q7 Q#D2+ib KQ`2 2{+B2Mi- r2 mb2 i?2 H�M;m�;2 Q7 b2ibX
AM �HKQbi �HH bBim�iBQMb BM i?Bb +Qm`b2 r?2`2 r2 r�Mi iQ `2H�i2 Q` +QKT�`2 ǵ+QHH2+iBQMb Q7 Q#D2+ibǶ- i?2 Q#D2+ib mM/2`
[m2biBQM +QHmKMf`Qr p2+iQ`b Q7 i?2 b�K2 bBx2 UQ` bQK2iBK2b MmK#2`b- Q` K�i`B+2b Q7 i?2 b�K2 bBx2VX

jX _2�H MmK#2`b- Q` +QKTH2t MmK#2`b\
6Q` bQK2 `2�bQM r?B+? Bb `2H�i2/ iQ i?2 M�im`2 Q7 b2i H�M;m�;2 �M/ r?B+? Bb #2vQM/ i?2 b+QT2 Q7 i?Bb +Qm`b2- r2 rBHH
M22/ iQ #2 KQ`2 T`2+Bb2 rBi? i?2 mb2 Q7 rQ`/b �M/ bvK#QHb i?�i ?�p2 iQ /Q rBi? MmK#2`bX
6`QK MQr QM- 7Q` bBKTHB+Biv Q7 T`2b2Mi�iBQM Q7 i?2Q`v- r2 rBHH +QMbBbi2MiHv rQ`F rBi? `2�H MmK#2`b- +QHmKMf`Qr
p2+iQ`b rBi? `2�H 2Mi`B2b- �M/ K�i`B+2b rBi? `2�H 2Mi`B2bX
>Qr2p2`- mMH2bb Qi?2`rBb2 bi�i2/- �HH mT+QKBM; /2}MBiBQMb- K�i?2K�iB+�H `2bmHib- �M/ i?2B` T`QQ7b +�M #2 �/�Ti2/
iQ ;Bp2 i?2 +Q``2bTQM/BM; p2`bBQMb BMpQHpBM; +QKTH2t MmK#2`b r?2M r2 +QMbBbi2MiHv,ě

Ç +?�M;2 i?2 rQ`/ ǵ`2�HǶ iQ i?2 rQ`/ ǵ+QKTH2tǶ- �M/
Ç +?�M;2 i?2 bvK#QH ǵRǶ iQ i?2 bvK#QH ǵCǶX

9X h?2 MQiBQMb Q7 ǵ#2HQM; iQǶ- ǵ2H2K2Mi Q7 � b2iǶX
AK�;BM2 r2 ?�p2 ǵ+QHH2+i2/Ƕ- b�v- bQK2 BM/BpB/m�H Q#D2+ibX
q2 K�v `272` iQ bm+? � +QHH2+iBQM �b � b2iX
q2 K�v �bbB;M � bvK#QH- b�v- S- 7Q` bm+? � b2i- �M/ bi�`i i?BMFBM; Q7 S �b �M BM/BpB/m�H Q#D2+i QM Bib QrMX
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U�V amTTQb2 u Bb �M Q#D2+i �KQM;bi i?Qb2 ǵ+QHH2+i2/ BMiQǶ SX
h?2M r2 �;`22 iQ b�v i?�i

ǵi?2 Q#D2+i u #2HQM;b iQ i?2 b2i SǶ
Q` 2[mBp�H2MiHv-

ǵi?2 Q#D2+i u Bb �M 2H2K2Mi Q7 i?2 b2i SǶ-
Q` 2[mBp�H2MiHv-

ǵi?2 b2i S +QMi�BMb i?2 Q#D2+i u �b �M 2H2K2MiǶ-
q2 K�v T`2b2Mi i?2 �#Qp2 BM b?Q`i@?�M/ �b,

ǵu ∈ SǶ
Ur?B+? b?QmH/ �Hr�vb #2 `2�/ �b ǵu #2HQM;b iQ SǶXV
q?2M i?2 +QMi2ti Bb +H2�`- bQK2 T2QTH2 K�v +?QQb2 iQ `2�/ i?Bb �b ǵu Bb BM SǶX h?Bb Bb MQi T`272``�#H2 7Q`
#2;BMM2`bX

U#V amTTQb2 v Bb �M Q#D2+i MQi �KQM;bi i?2 Q#D2+ib ǵ+QHH2+i2/ BMiQǶ SX
h?2M r2 �;`22 iQ b�v i?�i

ǵi?2 Q#D2+i v /Q2b MQi #2HQM; iQ i?2 b2i SǶ
�M/ r`Bi2

ǵv /∈ SǶX

8X aT2+B�H b2ib BM HBM2�` �H;2#`�X
�KQM;bi p�`BQmb b2ib Q7 Q#D2+ib /2�Hi rBi? BM HBM2�` �H;2#`�- bQK2 �`2 bT2+B�H- �M/ /2b2`p2 bT2+B�H H�#2HbX

U�V h?2 b2i Q7 �HH `2�H MmK#2`b Bb /2MQi2/ #v RX
U#V h?2 b2i Q7 �HH +QKTH2t MmK#2`b Bb /2MQi2/ #v CX
U+V h?2 b2i Q7 �HH (p× q)@K�i`B+2b rBi? `2�H 2Mi`B2b Bb /2MQi2/ #v Mp,q(R)X
U/V h?2 b2i Q7 �HH (p× q)@K�i`B+2b rBi? +QKTH2t 2Mi`B2b Bb /2MQi2/ #v Mp,q(C)X

q2 rBHH p2`v Q7i2M rQ`F rBi? +QHmKM p2+iQ`bX 6Q` i?Bb `2�bQM- i?2 b2ib Q7 �HH +QHmKM p2+iQ`b UrBi? `2�H Q` +QKTH2t
2Mi`B2bV �`2 ;Bp2M bT2+B�H H�#2Hb,

U2V h?2 b2i Q7 �HH +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b Bb /2MQi2/ #v RpX
UaQ #v /2}MBiBQM- Rp Bb i?2 b�K2 b2i �b Mp,1(R)XV

U7V h?2 b2i Q7 �HH +QHmKM p2+iQ`b rBi? p +QKTH2t 2Mi`B2b Bb /2MQi2/ #v CpX
UaQ #v /2}MBiBQM- Cp Bb i?2 b�K2 b2i �b Mp,1(C)XV

q2 rBHH Q++�bBQM�HHv rQ`F rBi? `Qr p2+iQ`bX h?2 b2ib Q7 �HH `Qr p2+iQ`b UrBi? `2�H Q` +QKTH2t 2Mi`B2bV �`2 ;Bp2M
bT2+B�H H�#2Hb,

U;V h?2 b2i Q7 �HH `Qr p2+iQ`b rBi? q `2�H 2Mi`B2b Bb /2MQi2/ #v Rq
`QrX

UaQ #v /2}MBiBQM- Rq
`Qr Bb i?2 b�K2 b2i �b M1,q(R)XV

U?V h?2 b2i Q7 �HH `Qr p2+iQ`b rBi? q +QKTH2t 2Mi`B2b Bb /2MQi2/ #v Cq
`QrX

UaQ #v /2}MBiBQM- Cq
`Qr Bb i?2 b�K2 b2i �b M1,q(C)XV

eX 1KTiv b2iX
aQK2iBK2b r2 rBHH ?�p2 iQ +QMbB/2` i?2 b2i iQ r?B+? MQ Q#D2+i #2HQM;bX
am+? � b2i Bb /2MQi2/ #v ∅- �M/ Bb +�HH2/ i?2 2KTiv b2iX
�++Q`/BM; iQ Bib /2}MBiBQM- Bi ?�TT2Mb i?�i

u /∈ ∅ MQ K�ii2` r?�i u BbX

dX LQi�iBQMb �M/ i2`KBMQHQ;B2b 7Q` ǵbK�HHǶ b2ibX
amTTQb2 a, b, · · · , c �`2 ǵ}MBi2Hv K�MvǶ Q#D2+ib UBM i?2 b2Mb2 i?�i r2 +�M HBbi i?2K Qmi 2t?�mbiBp2HvVX
UAi Bb MQi �bbmK2/ i?�i a, b, · · · , c �`2 T�B`rBb2 /BbiBM+i, i?2`2 K�v #2 `2T2iBiBQMbXV
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h?2M r2 �;`22 i?�i r2 K�v T`2b2Mi i?2 b2i r?Qb2 2H2K2Mib �`2 2t�+iHv a, b, · · · , c- #v r`BiBM; Bi �b
{

a, b, · · · , c
}
.

q2 +�HH Bi i?2 b2i r?Qb2 2H2K2Mib �`2 i?2 Q#D2+ib a, b, · · · , cX
h?2 bvK#QHb

ǵ
{

Ƕ �M/ ǵ
}

Ƕ

BM i?2 MQi�iBQM ǵ{a, b, · · · , c}Ƕ �`2 mb2/ 7Q` Q7 `2KBM/BM; Qm`b2Hp2b iQ i?BMF Q7 i?Bb b2i U�M/ `2�/ BiV �b �M Q#D2+i QM
Bib QrMX

h?2 bvK#QH ǵ
{

Ƕ bB;MB}2b i?2 #2;BMMBM; Q7 i?2 HBbi Q7 Q#D2+ib r?B+? �`2 2H2K2Mib Q7 i?2 b2i +QM+2`M2/X

h?2 bvK#QH ǵ
}

Ƕ bB;MB}2b i?2 2M/ Q7 i?Bb HBbiX

3X *QMp2MiBQMb QM i?2 MQi�iBQMb 7Q` ǵbK�HHǶ b2ibX
h?2`2 �`2 irQ `mH2b 7Q` i?2 /BbTH�v Q7 ǵbK�HHǶ b2ib #v 2t?�mbiBp2Hv HBbiBM; Bib 2H2K2MibX

U�V ǵ_2T2iBiBQM BM i?2 HBbiǶ /Q2b MQi +QmMiX
S`QpB/2/ �M Q#D2+i- b�v- b- Bb �M 2H2K2Mi Q7 � ǵbK�HHǶ b2i- b�v- S- i?2 Q#D2+i b ?�b iQ #2 T`2b2Mi2/ �i H2�bi QM+2
BM i?2 HBbi `2T`2b2MiBM; SX
>Qr2p2`- MQ K�ii2` ?Qr K�Mv KQ`2 iBK2b b Bb T`2b2Mi2/- Bi biBHH +QmMib �b QM+2X
AHHmbi`�iBQM,
{a, a, b, c, b, b} Bb i?2 b�K2 b2i �b {a, b, c}X
U_2T2iBiBQM Q7 a /Q2b MQi +QmMiX _2T2iBiBQM Q7 b /Q2b MQi +QmMiXV

U#V ǵP`/2`BM; BM i?2 HBbiǶ /Q2b MQi K�ii2`X
:Bp2M �Mv irQ HBbib- �b HQM; 2p2`v Q#D2+i r?B+? Bb T`2b2Mi2/ BM 2�+? HBbi Bb �HbQ T`2b2Mi2/ BM i?2 Qi?2`- i?2 irQ
HBbib rBHH `2T`2b2Mi i?2 b�K2 ǵbK�HHǶ b2i- `2;�`/H2bb Q7 i?2 Q`/2` BM r?B+? i?2 Q#D2+ib Bb T`2b2Mi2/ BM 2�+? HBbiX
AHHmbi`�iBQM,
{a, b, c}- {b, c, a}- {c, a, b}- {a, c, b}- {b, a, c}- {c, b, a} �HH bi�M/ 7Q` i?2 b�K2 b2i- M�K2Hv i?2 b2i r?Qb2 2H2K2Mib
�`2 2t�+iHv i?2 MQi M2+2bb�`BHv /BbiBM+i Q#D2+ib a, b, cX

NX 1t�KTH2 URVX
h?2 +?�BM Q7 bvK#QHb

ǵ
{ [

1
2
3

]
,

[
2
3
1

]
,

[
0
2
4

]
,

[
3
0
5

] }
Ƕ

bi�M/b 7Q` i?2 b2i rBi? 2t�+iHv 7Qm` 2H2K2Mib- M�K2Hv i?2 +QHmKM p2+iQ`b
[
1
2
3

]
,

[
2
3
1

]
,

[
0
2
4

]
,

[
3
0
5

]
.

q?2M r2 /2MQi2 i?Bb b2i #v S- r2 K�v r`Bi2
[
1
2
3

]
∈ S,

[
2
3
1

]
∈ S,

[
0
2
4

]
∈ S,

[
3
0
5

]
∈ S.

Ai ?�TT2Mb i?�i [
0
0
0

]
/∈ S, �M/

[
3
2
1

]
/∈ S.
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LQi2 i?�i i?2 b2ib #2HQr �`2 �HH S Bib2H7 BM /Bb;mBb2,
{[

1
2
3

]
,

[
1
2
3

]
,

[
2
3
1

]
,

[
0
2
4

]
,

[
3
0
5

]}
,

{[
1
2
3

]
,

[
2
3
1

]
,

[
0
2
4

]
,

[
3
0
5

]
,

[
1
2
3

]}
,

{[
1
2
3

]
,

[
3
0
5

]
,

[
0
2
4

]
,

[
2
3
1

]}
,

{[
2
3
1

]
,

[
1
2
3

]
,

[
3
0
5

]
,

[
0
2
4

]
,

[
3
0
5

]
,

[
2
3
1

]}
.

RyX *QMbi`m+iBQM Q7 b2ib i?`Qm;? i?2 K2i?Q/ Q7 bT2+B}+�iBQMX
AM K�Mv � bBim�iBQM- Bi Bb mM/2bB`�#H2 Q` BKTQbbB#H2 iQ /2b+`B#2 � b2i- b�v- S- #v HBbiBM; Bib 2H2K2Mib 2t?�mbiBp2Hv-
#2+�mb2 i?2 b2i mM/2` [m2biBQM ?�b ǵiQQ K�MvǶ 2H2K2MibX
6Q`imM�i2Hv- p2`v Q7i2M �HH 2H2K2Mib Q7 S �`2 i?2Kb2Hp2b 2H2K2Mib Q7 bQK2 #2ii2` mM/2`biQQ/ b2i- b�v- T X
aQ iQ T`2b2Mi i?2 b2i S- r2 K�v +?QQb2 iQ r`Bi2 /QrM �M �TT`QT`B�i2 ǵb2H2+iBQM +`Bi2`BQMǶ Ui?�i K�i?2K�iB+B�Mb
+�HH T`2/B+�i2V r?B+? BMbi`m+ib Qm`b2Hp2b 2t�+iHv r?B+? Q#D2+ib i?�i #2HQM; iQ T �`2 iQ #2 ǵ+QHH2+i2/Ƕ iQ ;Bp2 i?2
2H2K2Mib Q7 S- �M/ r?B+? MQiX
am+? � K2i?Q/ 7Q` /2b+`B#BM; i?2 b2i S Bb +�HH2/ i?2 K2i?Q/ Q7 bT2+B}+�iBQMX
"2HQr r2 BHHmbi`�i2 i?2 B/2� BM i?Bb K2i?Q/ BM irQ +QM+`2i2 2t�KTH2b Q7 b2ib Q7 +QHmKM p2+iQ`b,

URV aQHmiBQM b2i Q7 � bvbi2K Q7 HBM2�` 2[m�iBQMb-
UkV aT�M Q7 � +QHH2+iBQM Q7 +QHmKM p2+iQ`b UQ7 i?2 b�K2 bBx2VX

lbBM; i?2 b�K2 B/2�- r2 +�M +QMbi`m+i Qi?2` b2ib Q7 BMi2`2bi r?2M i?2v �`2 M22/2/X
"mi i?2 K2i?Q/ Bb bQ ;2M2`�H i?�i Bi +�M #2 �TTHv iQ +QMbi`m+i b2ib Q7 Qi?2` ivT2b Q7 Q#D2+ib Qmi Q7 �Mv ;Bp2M b2iX

RRX *QMbi`m+iBQM Q7 bQHmiBQM b2i Q7 � bvbi2K Q7 HBM2�` 2[m�iBQMb- �M/ MmHH bT�+2 Q7 � K�i`Bt- i?`Qm;? i?2
K2i?Q/ Q7 bT2+B}+�iBQMX
amTTQb2 A Bb �M (m× n)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ b Bb � +QHmKM p2+iQ` rBi? m `2�H 2Mi`B2bX
q2 K�v `2;�`/ i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb

Ax = b

rBi? mMFMQrM +QHmKM p2+iQ` x rBi? n 2Mi`B2b �b � ǵb2H2+iBQM +`Bi2`BQMǶX

U�V q2 K�v �TTHv i?Bb ǵb2H2+iBQM +`Bi2`BQMǶ QM +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2b,ě
Ç h?Qb2 Q#D2+ib- r?B+?- mTQM bm#biBimiBQM BMiQ i?2 ǵxǶ BM i?2 b2H2+iBQM +`Bi2`BQM ǵAx = bǶ- vB2H/ � p2+iQ`

2[m�HBiv- rBHH #2 +QHH2+i2/X
Ç h?Qb2 Q#D2+ib- r?B+?- mTQM bm#biBimiBQM BMiQ i?2 ǵxǶ BM i?2 b2H2+iBQM +`Bi2`BQM ǵAx = bǶ- /Q2b MQi vB2H/ �

p2+iQ` 2[m�HBiv- rBHH #2 /Bb+�`/2/X
U#V �++Q`/BM; iQ i?2 /2}MBiBQM Q7 i?2 T?`�b2 ǵbQHmiBQM Q7 � bvbi2KǶ- r?�i �`2 +QHH2+i2/ i?`Qm;? i?2 �TTHB+�iBQM Q7

bm+? � ǵb2H2+iBQM +`Bi2`BQMǶ
Ax = b

�`2 2t�+iHv
i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2b r?B+? �`2 bQHmiBQMb Q7 LS(A, b)X

h?2 `2bmHi�Mi b2i Bb +�HH2/ i?2 U`2�HV bQHmiBQM b2i Q7 i?2 bvbi2K LS(A, b)- �M/ Bb /2MQi2/ #v SR(A,b)X
BX aBKTHB}+�iBQM Q7 MQi�iBQMbX

q?2`2 i?2`2 Bb MQ �K#B;mBiv �#Qmi i?2 2Mi`B2b Q7 i?2 +QHmKM p2+iQ`b #2BM; `2�H MmK#2`b- r2 K�v /BbT2Mb2
rBi? i?2 bvK#QH ǵRǶ- �M/ bBKTHv r`Bi2 SR(A,b) �b S(A, b)X

BBX "v /2}MBiBQM- t #2HQM;b iQ S(A,b) B7 �M/ QMHv B7
t ∈ Rn �M/ At = bX

U+V q2 /BbTH�v i?2 b2i S(A, b) �b i?Bb +?�BM Q7 bvK#QHb,ě
{
x ∈ Rn Ax = b

}
.

1p2`v bvK#QH BM i?Bb +?�BM ?�b bQK2 `QH2 iQ TH�v,ě
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Ç hQ i?2 `B;?i Q7 i?2 ǵp2`iB+�H bi`QF2Ƕ- i?2 b2H2+iBQM +`Bi2`BQM ǵAx = bǶ Bb /BbTH�v2/X
Ç hQ i?2 H27i Q7 i?2 ǵp2`iB+�H bi`QF2Ƕ- i?2 b2i Q7 Q#D2+ib- M�K2Hv- Rn- QM r?B+? i?2 ǵb2H2+iBQM +`Bi2`BQMǶ Bb

�TTHB2/- Bb BM/B+�i2/X
Ç h?2 ǵp2`iB+�H bi`QF2Ƕ ?�b MQ bT2+B}+ K2�MBM;c Bib Tm`TQb2 Bb iQ b2T�`�i2 i?2 irQ +?�BM Q7 bvK#QHb ǵx ∈ RnǶ-

ǵAx = bǶX q2 K�v mb2 i?2 +QHQM ǵ:Ƕ BMbi2�/ Q7 i?2 ǵp2`iB+�H bi`QF2ǶX

Ç h?2 bvK#QH ǵ
{

Ƕ bB;MB}2b i?2 #2;BMMBM; Q7 i?2 +?�BM Q7 bvK#QHb i?�i /2b+`B#2b i?2 b2i S(A, b)X

h?2 bvK#QH ǵ
}

Ƕ bB;MB}2b Q7 i?2 +?�BM Q7 bvK#QHb i?�i /2b+`B#2b i?2 b2i S(A, b)X

Ç LQi2 i?2 T`2b2M+2 Q7 i?2 bvK#QH ǵxǶ BM ǵx ∈ RnǶ iQ i?2 H27i Q7 i?2 ǵp2`iB+�H bi`QF2ǶX
Ai M22/b iQ #2 +QMbBbi2Mi rBi? i?2 +?QB+2 Q7 i?2 bvK#QH ǵxǶ BM i?2 b2H2+iBQM +`Bi2`BQM ǵAx = bǶX
�b HQM; �b ǵxǶ Bb `2TH�+2/ #v i?2 b�K2 bvK#QH BM � +QMbBbi2Mi K�MM2`- i?2 K2�MBM; Q7 i?2 r?QH2 +?�BM Q7
bvK#QHb `2K�BMb mM+?�M;2/X 6Q` BMbi�M+2-

{
x ∈ Rn Ax = b

}
,

{
y ∈ Rn Ay = b

}
,

{
z ∈ Rn Az = b

}

`272` iQ i?2 b�K2 b2i- M�K2Hv- S(A, b)X
U/V U6Q` i?2 KQK2Mi- bmTTQb2 b = 0mXV

h?2 b2i {
x ∈ Rn Ax = 0m

}

Bb +�HH2/ i?2 U`2�HV MmHH bT�+2 Q7 A- �M/ Bb /2MQi2/ #v NR(A)X
aBKTHB}+�iBQM Q7 MQi�iBQMbX
q?2`2 i?2`2 Bb MQ �K#B;mBiv �#Qmi i?2 2Mi`B2b Q7 i?2 +QHmKM p2+iQ`b #2BM; `2�H MmK#2`b- r2 K�v /BbT2Mb2 rBi?
i?2 bvK#QH ǵRǶ- �M/ bBKTHv r`Bi2 NR(A) �b N (A)X

RkX *QMbi`m+iBQM Q7 bT�M Q7 � +QHH2+iBQM Q7 +QHmKM p2+iQ`b Q7 i?2 b�K2 bBx2- i?`Qm;? i?2 K2i?Q/ Q7
bT2+B}+�iBQMX
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX
q2 K�v `2;�`/- �b � ǵb2H2+iBQM +`Bi2`BQMǶ- i?2 b2Mi2M+2 rBi? ǵBM/2i2`KBM�i2Ƕ x

ǵx Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uq rBi? `2bT2+i iQ `2�H b+�H�`bǶ-

Q` KQ`2 7Q`K�HHv-

ǵh?2`2 2tBbi bQK2 α1,α2, · · · ,αq ∈ R bm+? i?�i x = α1u1 + α2u2 + · · ·+ αquqǶ-

U�V q2 K�v �TTHv i?Bb ǵb2H2+iBQM +`Bi2`BQMǶ QM +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b,ě
Ç h?Qb2 Q#D2+ib- r?B+?- mTQM bm#biBimiBQM BMiQ i?2 ǵxǶ BM i?2 b2H2+iBQM +`Bi2`BQM vB2H/ � i`m2 bi�i2K2Mi- rBHH

#2 +QHH2+i2/X
Ç h?Qb2 Q#D2+ib- r?B+?- mTQM bm#biBimiBQM BMiQ i?2 ǵxǶ BM i?2 b2H2+iBQM +`Bi2`BQM vB2H/ � 7�Hb2 bi�i2K2Mi- rBHH

#2 /Bb+�`/2/X
U#V �++Q`/BM; iQ i?2 /2}MBiBQM Q7 i?2 T?`�b2 ǵHBM2�` +QK#BM�iBQMǶ- r?�i �`2 +QHH2+i2/ i?`Qm;? i?2 �TTHB+�iBQM Q7

bm+? � ǵb2H2+iBQM +`Bi2`BQMǶ �`2 2t�+iHv
i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2b

r?B+? �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,uq rBi? `2bT2+i iQ `2�H b+�H�`bX

h?2 `2bmHi�Mi b2i Bb +�HH2/ i?2 U`2�HV bT�M Q7 i?2 +QHmKM p2+iQ`b u1,u2, · · · ,uq- �M/ Bb /2MQi2/ #v
aT�MR({u1,u2, · · · ,uq})X

BX aBKTHB}+�iBQM Q7 MQi�iBQMbX
q?2`2 i?2`2 Bb MQ �K#B;mBiv �#Qmi i?2 2Mi`B2b Q7 i?2 +QHmKM p2+iQ`b #2BM; `2�H MmK#2`b- r2 K�v /BbT2Mb2
rBi? i?2 bvK#QH ǵRǶ- �M/ bBKTHv r`Bi2 aT�MR({u1,u2, · · · ,uq}) �b aT�M({u1,u2, · · · ,uq})X

BBX "v /2}MBiBQM- y #2HQM;b iQ aT�M({u1,u2, · · · ,uq}) B7 �M/ QMHv B7
y ∈ Rp �M/ y Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uq rBi? `2bT2+i iQ bQK2 `2�H b+�H�`bX

BBBX �++Q`/BM; iQ i?2 /2}MBiBQM Q7 aT�M({u1,u2, · · · ,uq})- i?2 Q`/2`BM; BM i?2 T`2b2Mi�iBQM Q7 i?2 HBbi u1,u2, · · · ,uq

/Q2b MQi K�ii2`X
h?Bb Bb +QMbBbi2Mi rBi? #Qi? i?2 /2}MBiBQM Q7 HBM2�` +QK#BM�iBQMb- �M/ i?2 +QMp2MiBQM QM i?2 MQi�iBQMb 7Q`
ǵbK�HHǶ b2ib `2;�`/BM; i?2 mb2 Q7 i?2 bvK#QHb ǵ{Ƕ- ǵ}ǶX
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U+V q2 /BbTH�v i?2 b2i aT�M({u1,u2, · · · ,uq}) �b i?Bb +?�BM Q7 bvK#QHb,ě
{
x ∈ Rp x Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uq

rBi? `2bT2+i iQ bQK2 `2�H b+�H�`bX
}
.

P` �b,ě {
x ∈ Rp h?2`2 2tBbi bQK2 α1,α2, · · · ,αq ∈ R

bm+? i?�i x = α1u1 + α2u2 + · · ·+ αquqX
}
.

U/V ǵa?Q`i@?�M/Ƕ MQi�iBQMX
Ai Bb �HbQ �++2Ti�#H2 iQ T`2b2Mi i?2 b2i aT�M({u1,u2, · · · ,uq}) �b

{
α1u1 + α2u2 + · · ·+ αquq α1,α2, · · · ,αq ∈ R

}
.

Ç am+? � ǵb?Q`i@?�M/Ƕ b22Kb iQ #2 2�bB2` iQ `2�/X
Ç Ai Bb �HbQ pBbm�HHv �TT2�HBM;, Bi `2KBM/b mb i?�i aT�M({u1,u2, · · · ,uq}) Bb `2bmHi�Mi 7`QK i?2 +QHH2+iBQM Q7

�HH +QHmKM p2+iQ`b i?�i ǵ+�M #2 Q#i�BM2/Ƕ r?2M i?2 bvK#QHb α1,α2, · · · ,αq BM i?2 2tT`2bbBQM

α1u1 + α2u2 + · · ·+ αquq

�`2 ǵp�`B2/Ƕ �KQM;bi �HH TQbbB#H2 `2�H MmK#2`bX
Ç >Qr2p2`- r?2M vQm �`2 ;BpBM; �M �`;mK2Mi Q` /QBM; � +QKTmi�iBQM r?B+? BMpQHp2 bm+? � b2i- vQm b?QmH/

#2�` BM KBM/ r?�i Bi `2�HHv Bb �++Q`/BM; iQ ?Qr Bi Bb +QMbi`m+i2/X

RjX q2 Tmi QM `2+Q`/ i?2 /2}MBiBQMb 7Q` i?2 p�`BQmb Q#D2+ib i?�i r2 ?�p2 BMi`Q/m+2/ BM i?2 �#Qp2 BHHmbi`�iBQMb QM i?2
K2i?Q/ Q7 bT2+B}+�iBQMX
.2}MBiBQMX UaQHmiBQM b2i Q7 � bvbi2K Q7 HBM2�` 2[m�iBQMb- �M/ MmHH bT�+2XV
G2i A #2 �M (m× n)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ b #2 � +QHmKM p2+iQ` rBi? m `2�H 2Mi`B2bX

URV q2 /2}M2 i?2 U`2�HV bQHmiBQM b2i Q7 LS(A, b) iQ #2 i?2 b2i {x ∈ Rn | Ax = b}X q2 /2MQi2 Bi #v S(A, b)X
UkV q2 /2}M2 i?2 U`2�HV MmHH bT�+2 Q7 A iQ #2 i?2 b2i {x ∈ Rn | Ax = 0m}X q2 /2MQi2 Bi #v N (A)X

.2}MBiBQMX UaT�M Q7 � +QHH2+iBQM Q7 +QHmKM p2+iQ`bXV
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p `2�H 2Mi`B2bX
h?2M r2 /2}M2 i?2 U`2�HV bT�M Q7 u1,u2, · · · ,uq iQ #2 i?2 b2i

{
x ∈ Rp h?2`2 2tBbi bQK2 α1,α2, · · · ,αq ∈ R

bm+? i?�i x = α1u1 + α2u2 + · · ·+ αquqX
}
.

q2 /2MQi2 Bi #v aT�M({u1,u2, · · · ,uq})X
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